We introduce an extended Dicke model with controllable long-range atom-atom interaction to simulate topologically ordered states and achieve decoherence-protected qubits. We illustrate our idea in an experimentally feasible circuit quantum electrodynamics scenario. Due to the intrinsic competition with the atom-field coupling strength, we first demonstrate that this atom-atom interaction can exhibit a novel topological quantum interference effect arising from the instanton and anti-instanton tunneling paths. As a consequence, this proposed model only with a few odd-number of atoms has a two-fold absolute degenerate ground-subspace with a large energy gap, which can become larger with the increasing of the system-size. It may also support the excitation of anyonic statistics, and thus can be regarded as a possible candidate for processing topological quantum memory.
Cooper-pair box in circuit quantum electrodynamic (QED) is a promising scenario for physical implementation of quantum computation [1] . One of the advantages in such a device is that the Cooper-pair box can be acted, under certain conditions, as an two-level artificial atom with well controlled parameters by external currents, voltages and magnetic flux [2, 3] . Moreover, the strong coupling limit between Cooperpair box and cavity field has been experimentally achieved [4] . In this implementation scenario, the cavity can provide strong inhibition of spontaneous emission and suppress greatly the decoherence caused by the external environment.
Since the larger-scale systems are more sensitive to decoherence, the scaling of quantum information processors is a great challenge to build a practical quantum computer. Therefore, it is a crucial task to establish the decoherence-protected qubits, more preferably in the physical level. Recently, a conceptually different approach called topological quantum computing based on the braiding operations of anyons seems to be a very promising strategy towards fault-tolerance [5] . The topological degenerate ground states, resulted from the fractional anyonic statistics and gapped from excitations, is a basic condition to process topological quantum memory [6] . Two-dimensional spin-lattice models with nearest-neighbor coupling links in real space are fascinating models to study the topological degeneracy and anyonic statistics [5] . The model Hamiltonian can be simulated by ultracold trapped atoms [7] or polar molecules [8] in optical lattices with highly coherent controllability and measurement. Furthermore, anyonic interference in these systems has been suggested to be observed by using local [9] or global operations [10] . On the other hand, the degenerate ground states of quantum dimer-liquid realized in the Cooper-pair box arrays [11, 12] and of two dimensional Hamiltonian of long-range coupling generated by trapped ions [13] as well as Cooper-pair boxes [14] can be also served as topologically decoherence-protected qubits. Generally, the degeneracy can be removed by quantum tunneling, which results in a tunnel splitting proportional to exp [−N ] with N being the number of atoms [15] . It is clear that the tunnel splitting vanishes in the large N limit. However, it is very difficult to fabricate or control large indistinguishable natural or artificial atoms with current experimental technique.
In this paper, we introduce a new Hamiltonian, in which we term as an extended Dicke model, with controllable longrange atom-atom interaction to simulate topologically ordered states and achieve decoherence-protected qubits. The motivation for our consideration is given as follows. (1) The topological degeneracy is absolute for odd-number of atoms (N = 3, 5, ...) with vanishing tunnel splitting. This is resulted from a novel topological quantum interference of the instantons and anti-instanton tunneling paths, attributed to the intrinsic competition between the atom-atom interaction and the atom-field coupling strength. (2) A large energy gap can be generated and becomes larger with the increasing of the system-size, which is different from the spin-lattice models and very useful in designing the topologically protected qubits for quantum computing. (3) This Hamiltonian supports the excitation of anyonic statistics and the braiding operations can be constructed by the trajectories of instantons on an effective circular-space. (4) This Hamiltonian can be realized in practical superconducting circuit with only one step. The superconducting quantum network with four artificial atoms was experimentally achieved [16] .
We first consider the implementation of our model Hamiltonian with superconducting circuit as shown in Fig. 1 . Cooperpair box, consisting of two superconducting quantum interference devices (SQUIDs), is acted as a two-level artificial atom. All the identical atoms are biased by both a dc voltage V g and a microwave voltage V through the same gate capacitance C g . The Hamiltonian for free atoms can be written as ( = 1 hereafter) [2, 3] :
, where E c is the charging energy, E J is the Josephson energy, n g = C g V g /2e is the induced charge, Φ x is the local magnetic flux through the two SQUID loops in each Cooper-pair box and is assumed to have the same values but opposite directions, Φ e is the global magnetic flux through the common superconduct- ing inductance L, and κ = πLI c /Φ 0 with I c being the critical current and Φ 0 being the flux quantum. The atoms are capacitively coupled to the single-mode cavity field of frequency ω at the voltage maximum, yielding a strong electric dipole interaction [1] such that
, where a (a † ) is the annihilation (creation) operator for the cavity mode and g is the atom-field coupling strength. The phase changes in the SQUID-loops can be written as ϕ k = (ϕ 
where I = i I i is the total current through the inductance L. Since the local magnetic fluxes Φ x are assumed to have the same values but opposite directions, the phases induced by the flux-pair cancel each other in any loop embracing both of them leading to a constraint ϕ d − ϕ u = 2φ. Therefore, the two-body interaction of atoms comes from the inductive coupling [17] :
2 Φ e )/2, which shows that the long-range atomatom interaction is well controlled by the global magnetic flux Φ e . By using the collective spin operator S µ = N i=1 σ i µ with µ ∈ {x, y, z} and the total spin quantum number S = N/2, considering the optimal point (n g = 1/2) and cos Φ x = 0, then the total Hamiltonian H = H c + H qc + H q + Hwith H c = ωa † a can be simplified as
Hamiltonian (1) is our extended Dicke model with the longrange atom-atom interaction (the last term) and can be here suggested to simulate topologically ordered states and achieve decoherence-protected qubits. For typical experimental parameters with the frequency ω = 2π × 6 × 10 3 MHz and the atom-field coupling strength g = 2π × 5.8 MHz [4] , the condition u = g 2 /ω < v, which plays a crucial role in the following calculations, can be well satisfied since the maximum atom-atom interaction constant can be achieved at v = 10
2
MHz for large inductance L = 10 nH [18] .
We then demonstrate that Hamiltonian (1) has an absolute topological degeneracy for odd-number of atoms and a large energy gap by means of the coherent-state path integral [19] . In the coherent-state representation for both the field |α = |x + iy and the atoms |Ω = |θ, ϕ , the semiclassical energy of the system can be obtained by
For u < v, it is obvious that the semiclassical energy in Eq. (2) has two-fold degenerate ground-states corresponding to the giant-spin orientations θ = π/2, ϕ = 0 and θ = π/2, ϕ = π, at the vacuum state of the cavity-field with x = y = 0. We may denote the two degenerate orientations of the giant-spin, i.e., macroscopic quantum states, as |0 and |π , respectively. It is well known that quantum tunneling can occur between the degenerate vacua |0 and |π . As a consequence, the degeneracy is broken and two low-lying eigenstates with a small tunnel splitting d are formed by symmetric and antisymmetric superpositions of the macroscopic quantum states (called the Schrödinger cat states) such that |ψ ± = (|0 ± |π )/ √ 2 [15] . We here reexamine the tunnel splitting d, which is inversely proportional to the imaginary-time transition-amplitude [19] 
where β is the imaginary time-period, and S E = lim β→∞ β 0 L E dτ with τ = it is the Euclidean action evaluated along the tunneling trajectory of instanton, which, in the context of quantum field theory, may be visualized a pseudoparticle moving between degenerate vacua under the barrier region and has nonzero topological charge but zero energy. The corresponding Lagrangian is given by
The first two parts in Eq. (4) are seen to be the Wess-Zumino interactions [20] , which have a profound topological origin giving rise to phase-interference between different tunneling paths, and play a crucial role in the generation of decoherenceprotected qubits as shown in the following. The first Wess-Zumino term in Eq. (4) results in a topological boundary condition where n is winding number counting the number of times that the path wraps around the north pole. The contribution of any path on the Bloch sphere S 2 , described by the parameters θ(τ ) and ϕ(τ ), to the Euclidean action S E is equal to iS times the area swept out between the path and the north pole. For closed paths, this is identical to the Berry phase [21] .
Hamiltonian (1) possesses an important feature that the passage from one energy-minimum (ϕ = 0) to the other (ϕ = π) can be accomplished either by an instanton or an anti-instanton path [a clockwise or a counterclockwise tunneling path on the Bloch sphere S 2 as shown in Fig. 2 (a) ] and the transition amplitude P is evaluated by a sum over paths comprising a sequence of instantons and anti-instantons. Because of symmetry, contribution of instantons and anti-instantons to P are the same except a phase-factor, which results in the quantum phase interference [22] , namely,
where A is a constant and S cl E proportional to N is the action along the classical trajectory of instanton.
Interestingly, the transition amplitude P in Eq. (6) is nonzero for even-number of atoms because of the cos(Sπ) factor, which arises directly from the topological boundary condition in Eq. (5) and the interference of the instanton and anti-instanton tunneling paths (a generalized AharnonovBohm effect). More importantly, the original degeneracy of the states |0 and |π is removed, and a tunnel splitting d between the ground state levels |ψ ± exists. It means that in this case the topological degeneracy is not absolute but precise for the large N . However, when the number of the atoms is odd, topological quantum interference is destructive, leading to a vanishing transition amplitude since cos(Sπ) = 0. In other words, the quantum tunneling between the states |0 and |π is suppressed: the tunnel splitting d remains zero, which implies that the degenerate ground states are stability for any odd-number of atoms. Fig. 2(b) shows a graphic illustration of the energy gap ∆ and the tunnel splitting d, which agree with the numerical result of eigenenergies presented in Fig. 3 . (1) It can be also shown in Fig. 3 that for odd-number of atoms the energy gap ∆ becomes larger with the increasing of the system-size but remains invariant when u = v, where Hamiltonian (1) is completely diagonalized. This novel property, in contrast with the spin-lattice models that the energy gap turns into smaller when the system size is increasing, is very useful in designing the topologically protected qubits for quantum computing. It is worth while to remark that the quantum tunneling and related quantum phase interference are surely due to the long-range atom-atom interaction. This phenomenon of interaction-induced topological quantum interference is directly related to the Kramers degeneracy and the spin-parity effect in magnetic systems [23, 24] .
We now illustrate in terms of the predicted particle-number parity effect that the system only with odd-number of atoms supports the excitation of anyonic statistics. From the topological boundary condition in Eq. (5), the wavefunctions change a phase under 2π rotation, i.e.,
which is periodic for even number of atoms and antiperiodic for odd-number of atoms. In other words, the intanstan can be regarded as a spinless fermion and boson for the odd-and even-numbers of atoms, respectively. For the fermion case the paths from |0 to |π on equatorial circle of the Bloch sphere belonging to different homotopy classes ξ cannot be continuously deformed into each other. Therefore, the total transition amplitude P can be reorganized a sum over partial amplitudes P ξ of a distinct homotopy class with a weight phase factor χ(ξ) characterizing the statistics [25] :
with π 1 being the first homotopy group formed by the inequivalent paths. It should be noticed that these phase factors χ(ξ) depending on homotopy classes actually form a representation of the first homotopy group π 1 with the role of multiplication χ(ξ 1 )χ(ξ 2 ) = χ(ξ 1 ξ 2 ), which leads to a solution χ(ξ) = exp(±iθ) with 0 ≤θ ≤ π. On the other hand, the first homotopy group π 1 is identical to the braid group B n on n strands in the two-dimensional configuration space [26] , which plays a central role in the anyonic statistics. If we envision each fermion world line as a thread, each classical trajectory contributing to the action S cl E in Eq. (6) becomes a braid, where each fermion on the initial time slice can be connected by a thread to any one of the fermion on the final time slice. We may imagine that all fermions occupy n ordered positions (labeled by 1, 2, 3 , ..., n) arranged on a line. Let η 1 denote a counterclockwise exchange of the two fermions initially at positions 1 and 2, η 2 denote a counterclockwise exchange of the two fermions initially at positions 2 and 3, and so on. Any braid operation can be constructed as a succession of exchanges of neighboring fermions in terms of the group generators η 1 , η 2 , . . ., η n−1 , which satisfy two kind of relations [26] :
Finally, we explain how to use the system of N -twolevel-atom in the cavity field to design the topologically decoherence-protected qubits based on the above solutions. In the temperature T much lower than the energy gap ∆ the effect of environment is negligible and the system evolves only within the ground state subspace. Robustness against decoherence in short time process can be achieved within the groundstate transition similar to the idea used in adiabatic quantum computing [27] . Also, decoherence-protected implementation of the basic quantum logic-operation can be realized by the topological order [28] .
In summary, we have introduced a new model with only a few atoms to simulate the topologically ordered state and achieve decoherence-protected qubits, which is attributed to the interaction-induced topological quantum interference of the instanton and anti-instanton tunneling paths. An experimentally feasible scenario is proposed to realize the model Hamiltonian. Since all artificial atoms work at their optimal point, this device can be also mostly immune from charge noise produced by uncontrollable charge fluctuations. Apart from designing the required qubits, the anyonic interference may be also detected by measuring just microwave photon statistics of the cavity.
